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We consider an interacting system of spinor and electromagnetic field, explicitly depend-
ing on the electromagnetic potentials, i.e., interaction with broken gauge invariance. The
Lagrangian for interaction is chosen in such a way that the electromagnetic field equation
acquires an additional term, which in some cases is proportional to the vector potential of
the electromagnetic field. This equation can be interpreted as the equation of motion of pho-
ton with induced non-trivial rest-mass. This system of interacting spinor and scalar fields
is considered within the scope of Bianchi type-I (BI) cosmological model. It is shown that,
as a result of interaction the electromagnetic field vanishes at t → ∞ and the isotropization
process of the expansion takes place.
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I. INTRODUCTION
Though the triumphs of Maxwellian electromagnetism and quantum electrodynamics set the
rest mass of photon to be trivial, the hypothesis of possible nontrivial photon mass has long been
discussed in the literature [1–4]. The modern experimental data do not contradict this hypothesis
[5–13]. So it is interesting to consider some additional arguments for or against this hypothesis.
As one of such arguments can serve experimental data of modern observational cosmology, which
witnesses the isotropy of the Universe. It is interesting to combine this fact with the description
of matter by means of system of interacting fields including the electromagnetic one. In a recent
paper [14] we considered one of the simplest systems comprising with mass-less scalar and elec-
tromagnetic fields and study the influence of such interaction on the expansion of the Universe
in the asymptotic region. In that paper it was shown that if one consider only electromagnetic
field, the two of the three spatial components vector potential are either constant or zero and the
space-time in this case does not allow isotropization.
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In the recent years system with nonlinear spinor field was extensively studied in different cos-
mological models and it was shown that the nonlinear spinor field plays very important role in
(i) isotropization of initially anisotropic space-time, (ii) formation of singularity free cosmologi-
cal solutions, and (iii) explaining late-time acceleration [15–19]. In connection with this in this
paper we consider an system of spinor and electromagnetic fields within the scope of a Bianchi
type-I cosmological model and examine the influence of such interaction on the expansion of the
Universe in the asymptotic region.
II. BASIC EQUATIONS AND THEIR GENERAL SOLUTIONS
We choose the Lagrangian of the interaction electromagnetic and spinor fields within the frame-
work of a BI cosmological gravitational field in the form
L =
R
2κ
− 1
4
FµνFµν +
i
2
[
ψ¯γµ∇µψ−∇µψ¯γµ ψ
]
−mψ¯ψ + 1
2
K(I)D(S), (2.1)
with I = Aλ Aλ and S = ψ¯ψ . We consider the BI metric in the form
ds2 = e2αdt2− e2β1dx2− e2β2dy2− e2β3dz2. (2.2)
The metric functions α,β1,β2,β3 depend on t only and obey the coordinate condition
α = β1 +β2 +β3. (2.3)
Written in the form
Rνµ =−κ
(
T νµ −
1
2
δ νµ T
)
, (2.4)
the Einstein equations corresponding to the metric (2.2) in account of (2.3) read
e−2α
(
α¨− α˙2 + ˙β 21 + ˙β 22 ++ ˙β 23
)
= −κ
(
T 00 −
1
2
T
)
, (2.5a)
e−2α ¨β1 = −κ
(
T 11 −
1
2
T
)
, (2.5b)
e−2α ¨β2 = −κ
(
T 22 −
1
2
T
)
, (2.5c)
e−2α ¨β3 = −κ
(
T 33 −
1
2
T
)
, (2.5d)
where over dot means differentiation with respect to t and T µν is the energy-momentum tensor
of the material field.
Variation of (2.1) with respect to electromagnetic field gives
1√−g
∂
∂xν
(√−gFµν)−D(S)dKdI Aµ = 0. (2.6)
The spinor field equation corresponding to the metric (2.1) has the form
iγµ∇µψ−mψ + 12K(I)
dD
dS ψ = 0, (2.7a)
i∇µψ¯γµ +mψ¯− 12K(I)
dD
dS ψ¯ = 0. (2.7b)
Electromagnetic field with induced massive term: Case with spinor field 3
The energy-momentum tensor of the interacting matters fields has the form
T νµ = −Fµη Fνη +
i
4
gνρ
(
ψ¯γρ ∇µψ + ψ¯γµ∇ρ ψ−∇µ ψ¯γρ ψ−∇ρ ψ¯γµψ
)
+ D(S)dKdI AµA
ν −δ νµ L . (2.8)
We consider the case when the electromagnetic and scalar fields are the functions of t only. Taking
this in mind we choose the vector potential in the following way:
Aµ =
(
0, A1(t), A2(t), A3(t)
)
. (2.9)
In this case the electromagnetic field tensor Fµν has only three non-vanishing components, namely
F01 = ˙A1, F02 = ˙A2, F03 = ˙A3. (2.10)
On account of (2.9) and (2.10) we now have
I = Aλ Aλ =−A21e−2β1−A22e−2β2−A23e−2β3 , (2.11)
FµνFµν = −2e−2α
(
˙A21e−2β1 + ˙A22e−2β2 + ˙A23e−2β3
)
. (2.12)
For electromagnetic field from (2.6) we find
d
dt
(
˙A1e−2β1
)
+D(S)dKdI e
2α−2β1A1 = 0, (2.13a)
d
dt
(
˙A2e−2β2
)
+D(S)dKdI e
2α−2β2A2 = 0, (2.13b)
d
dt
(
˙A3e−2β3
)
+D(S)dKdI e
2α−2β3A3 = 0. (2.13c)
Let us now go back to the spinor field equation. The spinor field equation for the metric (2.2)
takes the form
ie−α γ¯0
(
∂t +
α˙
2
)
ψ−mψ + 1
2
K(I)
dD
dS ψ = 0, (2.14)
where γ¯µ is the Dirac matrices for flat space-time. Equation (2.14) can be rewritten as
ψ˙a +
α˙
2
ψa + ieα
(
m− 1
2
K(I)
dD
dS
)
ψa = 0, a = 1, 2, (2.15a)
ψ˙b +
α˙
2
ψb− ieα
(
m− 1
2
K(I)
dD
dS
)
ψa = 0, b = 3, 4. (2.15b)
Solving (2.15) we find the following components of the spinor fields
ψa = Ca exp
[
−α
2
− i
∫ (
m− 1
2
K(I)
dD
dS
)
eαdt
]
, Ca = const. (2.16a)
ψb = Cb exp
[
−α
2
+ i
∫ (
m− 1
2
K(I)
dD
dS
)
eαdt
]
, Cb = const. (2.16b)
From (2.16) we also find
S = S0e−α . (2.17)
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Finally, let us solve the Einstein equations. In doing so, let us first write the non trivial com-
ponents of the energy momentum tensor of material fields. In view of (2.15) from (2.8) we find
T 00 = mS−
1
2
K(I)D(S)+ 1
2
(
˙A21e−2β1 + ˙A22e−2β2 + ˙A23e−2β3
)
e−2α , (2.18a)
T 11 =
1
2
K(I)
(dD
dS S−D(S)
)
+
1
2
(
˙A21e−2β1− ˙A22e−2β2− ˙A23e−2β3
)
e−2α
− D dKdI A
2
1e
−2β1
, (2.18b)
T 22 =
1
2
K(I)
(dD
dS S−D(S)
)
+
1
2
(
˙A22e−2β2− ˙A23e−2β3− ˙A21e−2β1
)
e−2α
− D dKdI A
2
2e
−2β2
, (2.18c)
T 33 =
1
2
K(I)
(dD
dS S−D(S)
)
+
1
2
(
˙A23e−2β3− ˙A21e−2β1− ˙A22e−2β2
)
e−2α
− D dKdI A
2
3e
−2β3
, (2.18d)
T 21 =
(
˙A1 ˙A2e−2α −D dKdI A1A2
)
e−2β1 . (2.18e)
T 32 =
(
˙A2 ˙A3e−2α −D dKdI A2A3
)
e−2β2 . (2.18f)
T 13 =
(
˙A3 ˙A1e−2α −D
dK
dI A3A1
)
e−2β3 . (2.18g)
From (2.18) one also finds
T = mS+ 3
2
K(I)
dD
dS S−2K(I)D(S)−D
dK
dI
(
A21e−2β1 +A22e−2β2 +A23e−2β3
)
. (2.19)
In view of (2.18) and (2.19) system of Einstein equations now takes the form
α¨− α˙2 + ˙β 21 + ˙β 22 + ˙β 23 = −κe
2α
2
[(
mS+KD− 3
2
K
dD
dS S
)
+
(
˙A21e−2α +D
dK
dI A
2
1
)
e−2β1
+
(
˙A22e−2α +D
dK
dI A
2
2
)
e−2β2 +
(
˙A23e−2α +D
dK
dI A
2
3
)
e−2β3
]
, (2.20a)
¨β1 = −κe
2α
2
[
−
(
mS+ 1
2
K
dD
dS S−KD
)
+
(
˙A21e−2α −D
dK
dI A
2
1
)
e−2β1
−
(
˙A22e−2α −D
dK
dI A
2
2
)
e−2β2−
(
˙A23e−2α −D
dK
dI A
2
3
)
e−2β3
]
, (2.20b)
¨β2 = −κe
2α
2
[
−
(
mS+ 1
2
K
dD
dS S−KD
)
+
(
˙A22e−2α −D
dK
dI A
2
2
)
e−2β2
−
(
˙A23e−2α −D
dK
dI A
2
3
)
e−2β3−
(
˙A21e−2α −D
dK
dI A
2
1
)
e−2β1
]
, (2.20c)
¨β3 = −κe
2α
2
[
−
(
mS+ 1
2
K
dD
dS S−KD
)
+
(
˙A23e−2α −D
dK
dI A
2
3
)
e−2β3
−
(
˙A21e−2α −D
dK
dI A
2
1
)
e−2β1−
(
˙A22e−2α −D
dK
dI A
2
2
)
e−2β2
]
. (2.20d)
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The triviality of off-diagonal components of the Einstein tensor for BI metric leads to
T 12 = T
2
3 = T
3
1 = 0, (2.21)
from which one finds
˙A1
A1
˙A2
A2
=
˙A2
A2
˙A3
A3
=
˙A3
A3
˙A1
A1
= D
dK
dI e
2α
. (2.22)
From (2.22) one easily finds
˙A1
A1
=
˙A2
A2
=
˙A3
A3
, (2.23)
leading to the following relations between the three components of vector potential:
A1 = A, A2 =C21A, A3 =C31A, (2.24)
with C21 and C31 being constants of integration.
In view of (2.21) and (2.23) one easily finds that
α¨− α˙2 + ˙β 21 + ˙β 22 + ˙β 23 = −κe
2α
2
[(
mS+KD− 3
2
K
dD
dS S
)
−2DI dKdI
]
, (2.25a)
¨β1 = ¨β2 = ¨β3 = κe
2α
2
[
mS+ 1
2
K
dD
dS S−KD
]
. (2.25b)
In view of (2.23) from (2.13) it can be shown that
˙β1 = ˙β2 = ˙β3. (2.26)
In view of (2.25b) and (2.26) one concludes that the β s differ by some constant only, namely
β1 = β , β2 = β +β21, β3 = β +β31, (2.27)
with b, β21 and β31 being some arbitrary constants. Since these constants leads to the different
scaling along different axis, there is only one option left, it is to set β21 = β31 = 0. That means the
current model allows isotropization. Inserting D dKdI e
2α into (2.13) one finds the equation for A:
A ¨A+ ˙A2−2 ˙βA ˙A = 0, (2.28)
with the solution
A =
√
C1
∫
e2β dt +C2, (2.29)
where C1 and C2 are arbitrary constants.
On account of (2.24) and (2.27) one now finds
I =−QA2e−2β , Q = 1+C221 +C231 = const. (2.30)
In view of (2.3), (2.25b) and (2.26) the equation (2.25a) can be rearranged as
6 ˙β 2 = κ
[
2mS−D ddI
(
IK
)]
e2α . (2.31)
In what follows, we consider some some concrete cases.
Massless spinor field with Heisenberg-Ivanenko nonlinearity
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Let us consider the massless spinor field with Heisenberg-Ivanenko nonlinearity. Note that, in
the unified nonlinear spinor theory of Heisenberg, the massive term remains absent, and according
to Heisenberg, the particle mass should be obtained as a result of quantization of spinor premat-
ter [20]. In the nonlinear generalization of classical field equations, the massive term does not
possess the significance that it possesses in the linear one, as it by no means defines total energy
(or mass) of the nonlinear field system. Thus without losing the generality we can consider the
massless spinor field putting m = 0. For Heisenberg-Ivanenko nonlinearity we have D(S) = σS2.
In this case Eq. (2.25b) takes the form
¨β = 0, (2.32)
with the solution
β = bt +b1, (2.33)
where b and b1 are arbitrary constants. In view of (2.33) Eq. (2.34) now reads
A ¨A+ ˙A2−2bA ˙A = 0. (2.34)
The equation (2.34) allows the following solution:
A =
√
e2bt −C, (2.35)
Here C is an arbitrary constant. In what follows, we consider a specific solution to the Eq. (2.34):
A = Debt , (2.36)
with D being an arbitrary constant. Inserting (2.36) into (2.30) one finds
I =− ¯QD2, ¯Q = e2b1Q = e2b1 [1+C221 +C231]. (2.37)
On account of (2.36) and D from the triviality off-diagonal components of energy-momentum
tensor we find
K =
b2
σS20
I +C3, (2.38)
with C3 being some arbitrary constant. Finally inserting K from (2.38) into (2.31) one finds
(6+2κ ¯QD2)b2 = κσS20C3. (2.39)
Equation (2.39) gives the relation between different constants.
Case with minimal coupling
Let us consider the case with minimal coupling. In this case from the Off-diagonal components
of energy-momentum tensor we find
˙A1 ˙A2 = ˙A2 ˙A3 = ˙A3 ˙A1 = 0. (2.40)
From (2.40) follows that at least two of the three components Ai are constant, which means only
one of the components of Fµν is nonzero. Let us assume that ˙A1 = ˙A 6= 0. In view of ˙A2 = ˙A3 = 0
from the electromagnetic field equations in this case we have
A =C
∫
e2β1dt +C1, A2 = const., A3 = const., (2.41)
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with C and C1 being some arbitrary constants. Components of the energy-momentum tensor in
this case read
T 00 −mS = T 11 =−T 22 =−T 33 =
C21
2
e2β1−2α . (2.42)
Einstein field equations in this case takes the form
α¨− α˙2 + ˙β 21 + ˙β 22 + ˙β 23 = −κC
2
1
2
e2β1− mκS0
2
eα , (2.43a)
¨β1 = −κC
2
1
2
e2β1 + mκS0
2
eα , (2.43b)
¨β2 = κC
2
1
2
e2β1 + mκS0
2
eα , (2.43c)
¨β3 = κC
2
1
2
e2β1 + mκS0
2
eα . (2.43d)
Unlike the case with interacting electromagnetic and scalar fields, in case of minimal coupling we
have ¨β1 6= ¨β2 = ¨β3, which shows the space-time in this case essentially anisotropic. Addition of
(2.43b), (2.43c) and (2.43d), on account of coordinate condition, gives
α¨ =
κC21
2
e2β1 + 3mκS0
2
eα . (2.44)
In case of massless spinor field the system (2.43) can be easily solved to obtain
e2β1 =− 2η
2
κC21
cosech2(ηt), η2 = const., (2.45)
and
e2α = e2β2 = e2β3 = sinh2 (ηt). (2.46)
Thus we see that direct interaction is essential for isotropization process of initially anisotropic
space-time.
III. CONCLUSION
Within the framework of Bianchi type-I cosmological model evolution of the initially
anisotropic space-time in presence of an interacting system of spinor and electromagnetic fields is
studied. It is shown that the interacting term can be viewed as effective photon mass. The present
model allows asymptotic isotropization of initially anisotropic space-time.
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